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Abstract
We calculate the gauge invariant overlaps for Schnabl/Kiermaier-Okawa-Rastelli-
Zwiebach’s marginal solution with nonsingular current. The obtained formula is the
same as that for Fuchs-Kroyter-Potting/Kiermaier-Okawa’s marginal solution, which
was already computed by Ellwood. Our result is consistent with the expectation that
these two solutions may be gauge equivalent. We also comment on a gauge invariant
overlap for rolling tachyon solutions in cubic open string field theory.
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§1. Introduction
Since Schnabl’s construction of an analytic solution for tachyon condensation1) in bosonic
cubic open string field theory, there have been new developments. (See Ref. 2) and refer-
ences therein.) In Refs. 3) and 4), gauge invariants OV (Ψ ) specified by on-shell closed string
states, which we will call gauge invariant overlaps, were computed for some solutions. The
evaluation of gauge invariant overlaps, in addition to that of the action, can be used to
check the gauge equivalence of apparently different string fields. In Ref. 4), the values of
gauge invariant overlaps for Schnabl’s analytic solution1) and the numerical solution in the
Siegel gauge (Ref. 5) and references therein) for tachyon condensation were computed and
compared. The result was consistent with the expectation of their gauge equivalence. In
Ref. 3), gauge invariant overlaps for Schnabl’s solution1) and one type of marginal solutions
given in Refs. 6) and 7) were evaluated and interesting formulas were found. In this work,
we will compute gauge invariant overlaps for another type of marginal solutions constructed
in Refs. 8) and 9) and find the same formula for marginal solutions as obtained in Ref. 3).
This is consistent with the expectation that the marginal solutions given in Refs. 6) and 7)
and in Refs. 8) and 9) are gauge equivalent. We also apply our result to a rolling tachyon
solution investigated in Ref. 10), which is an example of the marginal solutions in Refs. 8)
and 9), and comment on the large deformation limit.
Let us begin by reviewing marginal solutions and gauge invariant overlaps briefly. There
are two types of marginal solutions.∗∗ One was constructed by Schnabl8) and Kiermaier-
Okawa-Rastelli-Zwiebach,9) which we abbreviate as Schnabl/KORZ’s marginal solution. The
other one was constructed by Fuchs-Kroyter-Potting6) and generalized by Kiermaier-Okawa,7)
which we denote as FKP/KO’s marginal solution in the following. The former can be applied
only to the case of nonsingular marginal current J , namely, the operator product expansion
(OPE) among Js is nonsingular: J(y)J(z) ∼ finite (y → z). For the latter, we can apply
more general currents using a particular regularization, although we treat only nonsingular
current J in this paper for simplicity. Both solutions have one parameter λm and the same
form, λmcJ(0)|0〉, for the lowest term with respect to λm, but the higher terms are different.
∗∗ Another type of marginal solutions, which is based on the identity state, such as those in Refs. 11)
and 12), is known. In this case, the evaluation of gauge invariant overlaps is difficult because of divergence
due to the contraction of two identity states.
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Schnabl/KORZ’s marginal solution Ψ
S/KORZ
λm
is given by∗∗∗
Ψ
S/KORZ
λm
=
∞∑
n=1
λnmψm,n , (1.1)
ψm,k+1 =
(
−pi
2
)k ∫ 1
0
dr1 · · ·
∫ 1
0
drk Uˆγ(k)+1
k∏
m=0
J˜(x˜(k)m )
×
[
−1
pi
(B0 + B†0)c˜(x˜(k)0 )c˜(x˜(k)k ) +
1
2
(
c˜(x˜
(k)
0 ) + c˜(x˜
(k)
k )
)]
|0〉 , (1.2)
where Ur ≡ (2/r)L0, Uˆr ≡ U †rUr, B0 ≡ b0 +
∑∞
k=1
2(−1)k+1
4k2−1
b2k and L0 = {QB,B0}. The
arguments of fields c˜ and J˜ , where φ˜(z˜) in the sliver frame is given by (cos z˜)−2hφ(tan z˜)
using φ(z) in the upper half-plane for a primary field with dimension h, are specified by
γ(k) = 1 +
k∑
l=1
rl , x˜
(k)
m =
pi
4
(
γ(k) − 1− 2
m∑
l=1
rl
)
. (1.3)
On the other hand, FKP/KO’s solution is given by (Appendix B)
Ψ
FKP/KO
λm,L
=
∞∑
n=1
λnmψL,n , (1.4)
ψL,k+1 = Uˆk+2c˜J˜
(pi
4
k
)
×(−1)k
∫ pi
4
k
pi
4
(k−2)
dx˜1
∫ x˜1
pi
4
(k−4)
dx˜2 · · ·
∫ x˜k−1
pi
4
(−k)
dx˜kJ˜(x˜1)J˜(x˜2) · · · J˜(x˜k)|0〉.
(1.5)
In order to satisfy the reality condition, we should apply a gauge transformation by
U = I +
∞∑
n=1
λnmUn , (1.6)
Un = Uˆn+1(−1)n
∫ pi
4
(n−1)
pi
4
(−(n−1)
dx˜1
∫ pi
4
(n−1)
x˜1
dx˜2 · · ·
∫ pi
4
(n−1)
x˜n−1
dx˜nJ˜(x˜1)J˜(x˜2) · · · J˜(x˜n)|0〉,
(1.7)
where I = Uˆ1|0〉 is the identity state, then
ΨUλm ≡
1√U ∗ Ψ
FKP/KO
λm,L
∗
√
U + 1√U ∗QB
√
U . (1.8)
∗∗∗ We use the notation in Ref. 1). Ψ
S/KORZ
λm
is essentially obtained from a BRST-invariant and nilpotent
string field ψˆm = Uˆ1c˜J˜(0)|0〉 as13) Ψ (α,β)λm = Pα ∗ (1 + λmψˆm ∗A(α+β))−1 ∗ λmψˆm ∗ Pβ , where Pα = Uˆα+1|0〉,
A(γ) = pi2
∫ γ
0
dαBL1 Pα, and B
L
1 =
1
2 (b1 + b−1) +
1
pi (B0 + B†0). In this paper, we set α = β = 1/2 for
simplicity. Other solutions, except for α = β = 0, can be obtained using the relation Ψ
(α,β)
λm
= e
pi
4
(β−α)K1(α+
β)(L0−L
†
0
)/2Ψ
(1/2,1/2)
λm
, which gives the same value of gauge invariant overlaps thanks to Eq. (1.10).
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The gauge invariant overlap OV (Ψ ) is defined by
OV (Ψ ) = 〈I|V (i)|Ψ〉 = 〈γˆ(1c, 2)|Vc〉1c|Ψ〉2 , (1.9)
where 〈I|V (i) = 〈γˆ(1c, 2)|Vc〉1c corresponds to an on-shell closed string state and 〈γˆ(1c, 2)|
is Shapiro-Thorn’s vertex,14) which relates the closed string Hilbert space (1c) to the open
string Hilbert space (2). |Vc〉 = c1c¯1Vm(0, 0)|0〉 is given by a matter primary field Vm(z, z¯)
with dimension (1, 1). We consider Ψ
FKP/KO
λm,L
instead of ΨUλm because gauge invariant overlap
OV (Ψ ) is invariant under gauge transformations. In particular, the on-shell closed string
state in the open string Hilbert space, 〈I|V (i) = 〈γˆ(1c, 2)|Vc〉1c, has the following symmetries
(Appendix C):
〈I|V (i)Kn = 0 , Kn ≡ Ln − (−1)nL−n , (1.10)
〈I|V (i)(bn − (−1)nb−n) = 0 , (1.11)
〈I|V (i)(cn + (−1)nc−n) = 0 . (1.12)
In the first line, Ln denotes the total Virasoro generator, which has zero central charge. The
first line can be derived from the second line and BRST invariance: 〈I|V (i)QB = 0.
The rest of this paper is organized as follows. In the next section, we compute gauge
invariant overlaps for two types of marginal solutions by rewriting string fields appropriately.
In §3, we comment on gauge invariant overlaps for lightlike and timelike rolling tachyon
solutions using the result in §2. In Appendix A, we rewrite Schnabl’s solution for tachyon
condensation in the same way as marginal solutions in §2. In Appendix B, we briefly review
FKP/KO’s marginal solution and fix our conventions. In Appendix C, we derive symmetries
for on-shell closed string states using the Shapiro-Thorn vertex.
§2. Evaluation of gauge invariant overlaps for marginal solutions
We will rewrite the marginal solutions in order to evaluate gauge invariant overlaps easily
using symmetries (1.10), (1.11) and (1.12) of on-shell closed string states.
Schnabl/KORZ’s marginal solution can be decomposed in the same way as ΨSλ (Appendix
A) because the ghost sector of ψm,k+1 (1.2) is similar to ψr (A.2). From (A.4), (A.5) and
rL0φ˜(z˜)r−L0 = rhφ˜(rz˜) for a primary field φ with dimension h, we rewrite ψm,k+1 as
ψm,k+1 =
(
−pi
2
)k∫ 1
0
dr1 · · ·
∫ 1
0
drk (γ
(k))(L0−L
†
0)/2
k∏
m=0
(
(γ(k))−1J˜
( x˜(k)m
γ(k)
))
×
[
γ(k)
pi
(B0 − B†0)c˜
( x˜(k)0
γ(k)
)
c˜
( x˜(k)k
γ(k)
)
+
1
2
(
c˜
( x˜(k)0
γ(k)
)
+ c˜
( x˜(k)k
γ(k)
))]
|0〉. (2.1)
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Then we have
Ψ
S/KORZ
λm
=
∞∑
k=0
λk+1m
∫ 1
0
dr1· · ·
∫ 1
0
drk
(−pi
2
)k
(γ(k))−k−1
k∏
m=0
J˜
( x˜(k)m
γ(k)
)
c1|0〉
+O(L0 − L†0,B0 − B†0, cn + (−1)nc−n)
=
∞∑
k=0
λk+1m
∫ 1
0
dr1· · ·
∫ 1
0
drk
(−pi
2
)k
(γ(k))−k−1
k∏
m=0
J˜
( x˜(k)m − x˜(k)0
γ(k)
)
c1|0〉
+O(K1,L0 − L†0,B0 − B†0, cn + (−1)nc−n) , (2.2)
where we have used the relations: eαK1 J˜(z˜)e−αK1 = J˜(z˜ + α), (A.6), (A.7) and
eαK1c1|0〉 = c˜(α)|0〉 = c˜1|0〉+
∞∑
k=0
(α2k+2c˜−1−2k|0〉+ α2k+1c˜−2k|0〉), (2.3)
c˜1−2k|0〉 =
k−1∑
l=0
C(k)l (c1−2k+2l − c−1+2k−2l)|0〉, (k = 1, 2, 3, · · · ) (2.4)
C(k)l ≡
∮
0
dz
2pii
(arctan z)−2k−1(1 + z2)−2z2k−2l, C(k)k−1 + C(k)k = 0, C(k)0 = 1, (2.5)
c˜1|0〉 = c1|0〉, c˜0|0〉 = c0|0〉, (2.6)
c˜−2k|0〉 =
(
k−1∑
l=0
C′(k)l (c2l−2k + c2k−2l) + C′(k)k c0
)
|0〉 , (k = 1, 2, 3, · · · ) (2.7)
C′(k)l ≡
∮
0
dz
2pii
(arctan z)−2k−2(1 + z2)−2z2k−2l+1, C′(k)k =
(−1)k22k
(2k + 1)!
, C′(k)0 = 1. (2.8)
The boundary operator J˜(z˜) on the sliver frame with dimension 1 is related to the one on
the unit disk w = e2iz˜ , which we denote by Jw(w), as J˜(z˜) = |2ie2iz˜|Jw(e2iz˜). Using Jw and
inserting 1 = U−11 U1 in front of the first term, Ψ
S/KORZ
λm
(2.2) can be rewritten as
Ψ
S/KORZ
λm
= −2U−11
∞∑
k=0
(−λm)k+1
∫
D
dϕ
(k)
1 · · · dϕ(k)k Jw(1)
k∏
l=1
Jw(e
iϕ
(k)
l )c1|0〉
+O(K1,L0 − L†0,B0 − B†0, cn + (−1)nc−n), (2.9)
where the arguments are given by changing the variables as
ϕ
(k)
l ≡
4(x˜
(k)
l − x˜(k)0 )
γ(k)
= −2pi
∑l
m=1 rm
1 +
∑k
m=1 rm
. (2.10)
It induces the Jacobian∣∣∣∣∣∂(ϕ
(k)
1 , · · · , ϕ(k)k )
∂( r1 , · · · , rk )
∣∣∣∣∣ = (2pi)
k
(γ(k))
k+1
=
(2pi)k(
1 +
∑k
l=1 rl
)k+1 , (2.11)
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which cancels the extra factor of the first term of (2.2). The integration region D is deter-
mined by 0 ≤ rl ≤ 1 (l = 1, 2, · · · , k) or
0 ≤ −ϕ(k)1 ≤ 2pi − (−ϕ(k)k ), 0 ≤ −ϕ(k)l − (−ϕ(k)l−1) ≤ 2pi − (−ϕ(k)k ), (l = 2, 3, · · · , k)
(2.12)
and the volume is computed as∫
D
dϕ
(k)
1 · · · dϕ(k)k 1 =
∫ 1
0
dr1 · · ·
∫ 1
0
drk
(2pi)k
(1 +
∑k
l=1 rl)
k+1
=
(2pi)k
(k + 1)!
. (2.13)
We note that the nonsingular current Jws can be exchanged without singular behav-
ior. Therefore, by noting (C.4) and using U−11 = (
∫ 2pi
0
dθ
2pi
e
θ
4
K1 +
∫ 2pi
0
dθ
2pi
(1 − e θ4K1))U−11 =
U−11
∫ 2pi
0
dθ
2pi
e
θ
2
K1 +O(K1), the integration in (2.9) can be rewritten as that on the unit circle:
Ψ
S/KORZ
λm
= −1
pi
U−11
∞∑
k=0
(−λm)k+1
∫ 2pi
0
dθ
∫
D
dϕ
(k)
1 · · · dϕ(k)k
× Jw(eiθ)
k∏
l=1
Jw(e
i(θ+ϕ
(k)
l
))c1|0〉
+O(K1,L0 − L†0,B0 − B†0, cn + (−1)nc−n) ,
= −1
pi
U−11
(
e−λm
R 2pi
0 dθJw(e
iθ) − 1
)
c1|0〉
+O(K1,L0 − L†0,B0 − B†0, cn + (−1)nc−n) . (2.14)
In the last equality, we note that any k + 1 points specified by coordinates θl(∈ Rmod2pi)
(l = 0, 1, · · · , k) can be chosen, such as (θ0 = θ, θ1 = θ + ϕ(k)1 , · · · , θk = θ + ϕ(k)k ), which
satisfy (2.12) by shifting the origin and exchanging them for each other appropriately, and
we have used (2.13) for the O(λk+1m ) term on multiplicity.
In the case of FKP/KO’s marginal solution (1.4), we can also rewrite Ψ
FKP/KO
λm,L
in the
same way as above:
Ψ
FKP/KO
λm,L
=
∞∑
n=1
λnmJ˜
(pi(n− 1)
4n
)(−1
n
)n−1∫ pi(n−1)
4
pi(n−3)
4
dx˜1
∫ x˜1
pi(n−5)
4
dx˜2 · · ·
∫ x˜n−2
−pi(n−1)
4
dx˜n−1
× J˜(x˜1/n)J˜(x˜2/n) · · · J˜(x˜n−1/n)c1|0〉
+O(L0 − L†0, cn + (−1)nc−n)
= −1
pi
U−11
∞∑
n=1
(−λm)n
∫ 2pi
0
dθ0
∫ θ0
θ0−
2pi
n
dθ1
∫ θ1
θ0−
4pi
n
dθ2 · · ·
∫ θn−2
θ0−
2pi(n−1)
n
dθn−1
× Jw(eiθ0)
n−1∏
l=1
Jw(e
iθl)c1|0〉
+O(K1,L0 −L†0, cn + (−1)nc−n) . (2.15)
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In this case, noting the volume
∫ 2pi
0
dθ0
∫ θ0
θ0−
2pi
n
dθ1
∫ θ1
θ0−
4pi
n
dθ2 · · ·
∫ θn−2
θ0−
2pi(n−1)
n
dθn−11 =
(2pi)n
n!
(2.16)
and using the fact3) that any n points specified by coordinates θl(∈ Rmod2pi) (l =
0, 1, · · · , n − 1) can be chosen, such as θ0 − θl ≤ 2pin l, θ0 ≥ θ1 ≥ · · · ≥ θn−1, by shifting
the origin and exchanging them for each other appropriately, (2.15) can be rewritten as
Ψ
FKP/KO
λm,L
= −1
pi
U−11
(
e−λm
R 2pi
0
dθJw(eiθ) − 1
)
c1|0〉
+O(K1,L0 − L†0, cn + (−1)nc−n) . (2.17)
From decompositions of Schnabl/KORZ’s (2.14) and FKP/KO’s (2.17) marginal solu-
tions, the symmetries of the on-shell closed string state 〈I|V (i): (1.10), (1.11), (1.12), and
〈I|V (i)|ϕ〉 = 〈V (i)fI ◦ϕ〉, where the conformal map fI(z) = 2z/(1− z2) corresponds to U1,
we have
OV (ΨS/KORZλm ) = OV (Ψ
FKP/KO
λm,L
)
= − 1
2pii
〈
cw c¯wVww¯,m(0, 0)c
w(1)
(
e−λm
R 2pi
0
dθJw(eiθ) − 1
)〉
disk
. (2.18)
The second equality was already shown in Ref. 3). The first equality means that for the same
parameter λm and nonsingular current J , Schnabl/KORZ’s marginal solution and FKP/KO’s
one give the same value for the gauge invariant overlap OV (Ψ ). This is consistent with
the expectation that Ψ
S/KORZ
λm
and Ψ
FKP/KO
λm,L
are gauge equivalent. The above value (2.18) is
related to the closed string one-point function,3) such as Aλm(V )−Aλm=0(V ), where Aλm(V )
is the disk amplitude for a closed string vertex V with the boundary condition deformed by
λmJ .
§3. Comments on rolling tachyon solutions
Let us consider the gauge invariant overlap OVζ (Ψ ) with the zero momentum graviton
Vm = ζµν∂X
µ∂¯Xν for Hellerman-Schnabl’s solution,10) which we denote by ΨHSλm . Ψ
HS
λm
is
given by Schnabl/KORZ’s solution Ψ
S/KORZ
λm
with the lightlike rolling tachyon operator J =
eβX
+
, (β ≡ 1/(α′V +)), on the linear dilaton background Φ(x) = Vµxµ, (V + > 0, 26 =
D + 6α′VµV
µ, µ = 0, 1, · · · , D − 1). On the linear dilaton background, the matter Virasoro
operator is deformed by V µ as L
(m)
n = 12
∑
k :αk,µα
µ
n−k : +i
√
α′
2
(n + 1)Vµα
µ
n. Therefore,
polarization ζµν for the on-shell closed string state should satisfy the transversality condition
7
ζµνV
ν = V µζµν = 0. Applying the formula for gauge invariant overlap (2.18), we have
OVζ (ΨHSλm ) =
1
2pii
ζµν
〈
∂wX
µ∂¯w¯X
ν
(
e−λm
R 2pi
0 dθJw(e
iθ) − 1
)〉mat
disk
=
∫
dDx
1
2pii
ζµν(Aµν(x)|λ=2piλm −Aµν(x)|λ=0) . (3.1)
Here, we have used
Aµν(x) ≡ 〈:∂wXµ∂¯w¯Xν : (0, 0) e− λ2pi
R 2pi
0 dθJw(e
iθ)〉matdisk,x , (3.2)
which is a CFT correlator in the linear dilaton background on a disk with a fixed zero mode
such as xµ = 1
2pi
∫ 2pi
0
dθXµ(eiθ). Substituting a concrete expression for Aµν(x), which was
explicitly computed in §5 in Ref. 10), the gauge invariant overlap is evaluated as
OVζ (ΨHSλm ) =
α′
4pii
∫
dDxe−V·x
(
ζµνη
µν(e−2piλme
βx+− 1)− 4piβ2α′λmζ−−eβx+−2piλmeβx
+
)
.
(3.3)
On the other hand, the gauge invariant overlap OVζ (Ψ ) for Schnabl’s solution for tachyon
condensation ΨSλ=1 can be evaluated using the result in Eq. (3.28) in Ref. 4) with the nor-
malization
CVζ = (2pi)
DδD(iV )ζµνη
µν−α′
2
= −α
′
2
ζµνη
µν
∫
dDxe−V·x (3.4)
in this case. Namely, we have
OVζ (ΨSλ=1) = −
α′
4pii
ζµνη
µν
∫
dDxe−V·x . (3.5)
Comparing the above expression and (3.3), we obtain the relation
lim
λm→+∞
OVζ (ΨHSλm ) = OVζ (ΨSλ=1) , (3.6)
at least formally. The result is consistent with the limit of the string field itself,
limx+→+∞ Ψ
HS
λm
= limλm→+∞ Ψ
HS
λm
= ΨSλ=1, which was proved in Ref. 10) in terms of the
L0 basis.
Next, let us consider the ordinary timelike rolling tachyon solution, namely, Schn-
abl/KORZ’s solution Ψ
S/KORZ
λm
with the timelike rolling tachyon operator J = eX
0
on the
flat background. It is known8), 9) that the tachyon component given by the coefficient func-
tion for c1|0〉 in ΨS/KORZλm wildly oscillates for x0 → +∞ (or λm → +∞) numerically. (See
also Refs. 15), 16) and 10).) This seems to imply limλm→+∞ Ψ
S/KORZ
λm
6= ΨSλ=1 for J = eX
0
.
8
On the other hand, one can formally evaluate the gauge invariant overlap with the zero
momentum graviton Vm = ζµν2∂X
µ∂¯Xν in the same way as in the above lightlike case using
the formula (2.18) and Aµν(x) computed in Ref. 17):
OVζ (ΨS/KORZλm ) =
1
2pii
∫
ddx ζµνη
µν(f(x0)− 1), f(x0) ≡ 1
1 + 2piλmex
0 . (3.7)
If one adopts the limit λm → +∞ in the integrand naively, it seems to converge to the value
for Schnabl’s solution for tachyon condensation: OVζ (ΨSλ=1) = − 12piiζµνηµν
∫
ddx. However,
the limit for the flat space may be too naive because λm-dependence should be absorbed by
shifting the origin of x0 as an integration value of OVζ (ΨS/KORZλm ). It is desired to define and
evaluate local gauge invariant quantities in string field theory in order to investigate such a
limit.
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Appendix A
On Schnabl’s Solution for Tachyon Condensation
Schnabl’s solution for tachyon condensation1) is similar to Schnabl/KORZ’s marginal
solutions but simpler than them. Hence, it is instructive to investigate the decomposition of
the solution for tachyon condensation in order to simplify the computation of gauge invariant
overlaps.
Schnabl’s solution ΨSλ with parameter λ is given by
ΨSλ =
λ∂r
λe∂r − 1ψr|r=0 =
∞∑
n=0
fn(λ)
n!
∂nr ψr|r=0, (A.1)
ψr =
2
pi
Uˆr+2
[
−1
pi
(B0 + B†0) c˜
(pir
4
)
c˜
(−pir
4
)
+
1
2
(
c˜
(pir
4
)
+ c˜
(−pir
4
))]
|0〉. (A.2)
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The string field ψr can be rewritten as
ψr =
2
pi
(1 + r)
L0−L
†
0
2
[
1
2
(
c˜
(
pir
4(1 + r)
)
+ c˜
( −pir
4(1 + r)
))
+
1 + r
pi
(B0 − B†0) c˜
(
pir
4(1 + r)
)
c˜
( −pir
4(1 + r)
)]
|0〉 (A.3)
using
Uˆr+2 = e
− r
2
(L0+L
†
0) = (1 + r)
L0−L
†
0
2 (1 + r)−L0 , (A.4)
{B0, c˜(z˜)} = z˜ , [L0,B0 + B†0] = B0 + B†0 . (A.5)
Furthermore, noting the anticommutation relation {bp, c˜(x)} = (1/2) sin 2x(tan x)p, we have
1
2
(c˜(x) + c˜(−x))|0〉 = c1|0〉+ cos2x
∞∑
k=1
(tanx)2k(c1−2k − c2k−1)|0〉, (A.6)
c˜(x)c˜(−x)|0〉
=
(
c0 +
∞∑
l=1
(tan x)2l(c−2l + c2l)
)
sin x
(
c1 + cos
2x
∞∑
k=1
(tanx)2k(c1−2k − c2k−1)
)
|0〉,
(A.7)
which imply that ψr (A.3) can be rewritten as
ψr =
2
pi
c1|0〉+O(L0 − L†0,B0 − B†0, ck + (−1)kc−k). (A.8)
Here, O(L0−L†0,B0−B†0, ck+(−1)kc−k) denotes some linear combination of terms comprising
L0−L†0, B0−B†0, and ck+(−1)kc−k, where at least one of them is multiplied on the conformal
vacuum |0〉. The first term (2/pi)c1|0〉 does not depend on r. Using this fact and (A.1), we
have
ΨSλ =
{
2
pi
c1|0〉+O(L0 − L†0,B0 − B†0, ck + (−1)kc−k) , (λ = 1)
O(L0 − L†0,B0 − B†0, ck + (−1)kc−k) . (λ 6= 1)
(A.9)
Because L0−L†0 and B0−B†0 are linear combinations ofKn and bn−(−1)nb−n, respectively, the
terms in O(L0−L†0,B0−B†0, ck+(−1)kc−k) give no contribution to the gauge invariant overlaps
thanks to symmetries (1.10), (1.11) and (1.12) of on-shell closed string states 〈I|V (i). The
first term ψ0 =
2
pi
c1|0〉 of ΨSλ=1 only contributes to the gauge invariant overlaps, which is
consistent with the result in Refs. 3) and 4), and it reproduces the ordinary boundary state
by contracting the Shapiro-Thorn vertex with projection Pb−0 in the closed string sector.18)
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Appendix B
On FKP/KO’s Marginal Solution
Here, we review FKP/KO’s marginal solution with nonsingular current J . Let us con-
struct a solution with parameter λm, such as
Ψ =
∞∑
n=1
λnmψn, ψm = QBφm +
m−1∑
k=1
ψk ∗ φm−k, (m ≥ 2); ψ1 = QBφ1. (B.1)
In fact, using (B.1) for any φm with ghost number 0, we can check the equation of motion
QBΨ + Ψ ∗ Ψ = 0 formally order by order in λm:
QBψ1 = 0, QBψn +
n−1∑
k=1
ψn−k ∗ ψk = 0. (n ≥ 2) (B.2)
By choosing φn, such as
φn =
(−1)n−1
n!
Xn(0)|0〉 ∗ Uˆn|0〉 = (−1)
n−1
n!
Uˆn+1X˜
n
(pi
4
(n− 1)
)
|0〉, (n ≥ 1) (B.3)
with X ≡ ζµXµ, (ζµζµ = 0), one can show that the obtained solution Ψ is independent of the
zero mode of X(z).6) Noting the BRST transformation [QB, X(z)] = cJ(z) with J ≡ ∂X ,
which is a primary field with dimension 1, we can obtain ψn such as ψ1 = cJ(0)|0〉, ψ2 =
−Uˆ3c˜J˜(pi4 )
∫ pi
4
−pi
4
dx˜J˜(x˜)|0〉 and
ψn = −(−1)
n−2
(n− 1)! cJX
n−1(0)|0〉 ∗ Uˆn|0〉+ cJ(0)|0〉 ∗ φn−1 +
n−1∑
k=2
ψk ∗ φn−k, (B.4)
for n ≥ 3. Taking the ansatz for ψn without X itself:
ψn = Uˆn+1c˜J˜
(pi
4
(n− 1)
)
X
(n)
1,2 fn−2(X
(n)
1,2 , X
(n)
1,3 , · · · , X(n)1,n )|0〉, (B.5)
X
(n)
i,j ≡
∫ pi
4
(n−2i+1)
pi
4
(n−2j+1)
dx˜J˜(x˜), (B.6)
where fn−2(x1, · · · , xn−1) is a homogeneous polynomial of degree n − 2 with respect to xi,
and using the star product formula developed in Ref. 1), we find the recurrence equation
fn−2(x1, x2, · · · , xn−1) = − (x1)
n−2
(n− 1)! −
n−3∑
k=0
fk(x1, x2, · · · , xk+1) (xk+2)
n−k−2
(n− k − 2)! (B
.7)
(n ≥ 3) with f0 ≡ −1 from (B.4) and (B.3). This equation can be solved as
x1fn−2(x1, x2, · · · , xn−1)
11
= − (x1)
n−1
(n− 1)! +
n−2∑
s=1
(−1)s−1
n−2−(s−1)∑
k1=1
· · ·
n−2−(s−p)−
Pp−1
l=1 kl∑
kp=1
· · ·
n−2−
Ps−1
l=1 kl∑
ks=1
[
(x1)
k1
(k1)!
(
s−1∏
q=1
(xPq
m=1 km+1
)kq+1
(kq+1)!
)
(xPs
m=1 km+1
)n−1−
Ps
m=1 km
(n− 1−∑sm=1 km)!
]
. (B.8)
Using the above result, we have
X
(n)
1,2 fn−2(X
(n)
1,2 , X
(n)
1,3 , · · · , X(n)1,n)
= (−1)n−1
∫ pi
4
(n−1)
pi
4
(n−3)
dx˜1
∫ x˜1
pi
4
(n−5)
dx˜2
∫ x˜2
pi
4
(n−7)
dx˜3 · · ·
∫ x˜n−2
−pi
4
(n−1)
dx˜n−1J˜(x˜1)J˜(x˜2) · · · J˜(x˜n−1),
(B.9)
which corresponds to the expression given in Ref. 7). If we use this formula or (1.4) with
any matter primary field J , which has dimension 1 and nonsingular OPE, we can check that
the obtained string field Ψ
FKP/KO
λm,L
satisfies the equation of motion.
Appendix C
Relation to the Shapiro-Thorn Vertex
It is convenient to use the Shapiro-Thorn vertex 〈γˆ(1c, 2)| to find formulas related to the
gauge invariant overlaps, because they can be expressed using 〈γˆ(1c, 2)|, as in (1.9). On the
closed and open string sides, 〈γˆ(1c, 2)| is specified by maps h1(w1) = −i(w1 − 1)/(w1 + 1)
and h2(w2) = (w2 − 1/w2)/2, respectively. (See Appendix B in Ref. 4) for details.) Using
these maps or explicit formulas for Neumann coefficients, we can derive
〈γˆ(1c, 2)|
(
K(2)n − (−1)
n
2
n
4
c δn:even
)
= 〈γˆ(1c, 2)|(−2in)
∑
m≥0
(−1)m(ηn2m+1 − ηn2m−1)(L(1)m + (−1)nL¯(1)m ), (C.1)
〈γˆ(1c, 2)|(b(2)n − (−1)nb(2)−n)
= 〈γˆ(1c, 2)|(−2in)
∑
m≥0
(−1)m(ηn2m+1 − ηn2m−1)(b(1)m + (−1)nb¯(1)m ), (C.2)
〈γˆ(1c, 2)|(c(2)m + (−1)mc(2)−m)
= 〈γˆ(1c, 2)|−i
m
4
∑
n≥1
(−1)n(η2nm+1 − η2nm−1 + δm,1)(c(1)n + (−1)mc¯(1)n ), (C.3)
where δn:even = 1(0) for n: even (odd) and c is the central charge for the Virasoro algebra in
the first line. ηkn is defined by the generating function
(
1+x
1−x
)k
=
∑∞
n=0 η
k
nx
n. By contracting
the above with the closed string state |Vc〉1c = c1c¯1Vm(0, 0)|0〉1c where Vm(z, z¯) is a matter
primary field with dimension (1, 1), we obtain formulas (1.10), (1.11) and (1.12).
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We note that the level-matching projection P = ∫ 2pi
0
dθ
2pi
e−iθ(L0−L¯0) for closed string states
corresponds to
∫ 2pi
0
dθ
2pi
e
θ
4
K1 for the open string side on the Shapiro-Thorn vertex because of
the identity
〈γˆ(1c, 2)|(L(1)0 − L¯(1)0 ) = 〈γˆ(1c, 2)|
i
4
K
(2)
1 , (C.4)
which follows from (C.1).
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